ABSTRACT. We follow the spirit of a recent proposal to show that previous computations for asymptotically flat spacetimes in four dimensions at null infinity can be re-interpreted in terms of a well-defined holographic current algebra for the time component of the currents. The analysis is completed by the current algebra for the spatial components.
Introduction
In recent work, Strominger [1, 2] has proposed to replace the computation of integrated surface charges and their algebra associated to asymptotic symmetries in gravitational or gauge theories by a local computation in terms of Ward identities and current algebras.
A formal, path integral based, derivation of local Ward identities involving Noether currents and their divergences (see e.g. [3] , sections 2.4 and 2.5) is essentially equivalent to classical properties of these currents. In order to take into account quantum effects, one has to use operator product expansion techniques or use perturbative quantum field theory with due care devoted to renormalization effects (see e.g. [4] ).
In this note, we start with some brief comments on specific aspects of the classical part of this construction, first for global and then for gauge currents. It is the latter that are relevant in holographic applications when performing computations on the bulk side of the correspondence. As an illustration, the cases of three dimensional asymptotically AdS spacetimes at spatial infinity [5] and asymptotically flat spacetimes at null infinity [6, 7, 8] are reconsidered with a special emphasis on the additional spatial current components.
We then turn to asymptotically flat spacetimes at null infinity in four dimensions. Re-interpreting previous results derived in [9] and translated to the Newman-Penrose formalism in [10] gives the algebra of the time component of the currents. This is completed by working out the algebra of the spatial components. The holographic current algebra is derived in a unified way both for the standard, globally well defined asymptotic symmetry algebra bms glob 4 involving Lorentz transformations and supertranslation generators that can be expanded into spherical harmonics as well as for its local version bms loc 4 [11] . The main benefit of the local formulation in terms of currents in this context is that, for the local version of the asymptotic algebra, there is no longer any problem with divergences related to poles as there is no need to explicitly integrate the time component of the currents over the sphere. Instead, one can now use contour integrals on the unit or Riemann sphere if one so wishes.
In other words, in the standard approach the existence of well-defined charges is taken as a criterion to reduce the asymptotic symmetry algebra to bms glob 4 , assuming of course that the fields that enter the time components of the currents are integrable on the sphere. Changing this criterion to the existence of a well-defined local current algebra allows one to consistently deal with bms 
Classical current algebras

Global symmetries
For an action principle that is invariant under global symmetry transformations, there is a short-cut that allows one to determine the Poisson or Dirac bracket algebra of the generators of these transformations, without the need to go through the steps of the Hamiltonian analysis.
While the latter consists in first determining the brackets of the fundamental canonical variables, then expressing the Noether charges in these variables and finally evaluating their brackets, the short-cut is well known (see e.g. [12, 13] ) and goes as follows. Let L = Ld n x be the Lagrangian n form of the theory. Invariance means that δ X L = d H n X . Here, δ X φ i denotes the infinitesimal transformations of the fields φ i and n X an n − 1 form. The differential d H = dx µ ∂ µ involves the total derivative that takes into account the space-time dependence of the fields,
and can be chosen as
where t X is a Noether current that vanishes on-shell, while η X is an n − 2 form. By applying the symmetry transformation −δ X 2 to (2.1) for a symmetry characterized by X 1 , it is then straightforward to show that 2) where the Lie bracket is determined through [X 1 ,
, while the classical extension K X 1 ,X 2 belongs to H n−1 (d H ) and may in general be field dependent.
For instance, working out the classical current algebra of a chiral Wess-ZuminoWitten model in this way is straightforward, while the complete Hamiltonian analysis involves first and second class constraints and is much more involved.
Gauge and asymptotic symmetries
For asymptotic symmetries, which are a subset of the bulk gauge symmetries, similar results can be shown under suitable assumptions. Some elements of the general theory and more details can be found for instance in [14, 15, 16, 17, 5, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] . 
where [ f 1 , f 2 ] α involves the structure functions of the gauge algebra. The expression for the additional terms can be worked out quite generally, but what remains depends on the particular situation that one considers. As in the global case, there will be trivial terms proportional to the equations of motion, both for φ and δφ, and d H exact terms. The non-trivial terms include possibly field-dependent central extensions.
In the asymptotic context, on which we will concentrate below, a typical situation is to focus on a fixed hypersurface, say r = cte → ∞, with prescribed asymptotic conditions on the fields. What goes under the name of asymptotic symmetries is a suitable sub-Lie algebroid of the Lie algebroid associated to gauge symmetries. On the surface r = cte → ∞, the n − 2 form k f = k
In a coordinate system x µ = (u, r, y A ) for instance, the components of the associated current for the lower dimensional theory are given by (k [ur] f , k [Ar] f ). In the case where these currents are integrable in solution space, k
, provide the global current algebra of the dual boundary theory. The multiplicative normalization of k f , and thus also of J f , is fixed through the action of the theory, whereas the integration in solution space implies that the definition of the integrands J a f involves the choice of a background solution. Even though the original computations for asymptotically anti-de Sitter space-times [28, 5] have been performed in the Hamiltonian formalism, the brackets of the surface charges have been evaluated indirectly through (2.4). Indeed, a direct computation in terms of fundamental canonical variables is much more involved and is achieved, for instance, through the explicit construction of the dual boundary theory and its degrees of freedom, viz., Liouville theory [29] in the asymptotically AdS 3 case.
Standard examples in three dimensions
Solution space and transformation laws
On-shell, three dimensional spacetimes that are asymptotically AdS at spatial infinity or flat at null infinity are described by metrics of the form
with Θ = Θ(φ) and Ξ = Ξ(φ) in the flat case.
In the AdS case, the easiest solutions where these functions are constants,
include both the BTZ black holes for which M 0, |J| Ml and the AdS 3 spacetime which corresponds to M = − 1 8G , J = 0. In the flat case, the zero mode solutions are given by Θ = 8GM, Ξ = 4GJ and correspond for M 0 to cosmological solutions.
In the former case, the asymptotic symmetry algebra forms a three-dimensional representation of the two dimensional conformal algebra, described in terms of vector fields
, equipped with the standard Lie bracket, while in the latter case, it is a representation of the bms 3 algebra described by vector fields
By using that asymptotic symmetries preserve solutions, the gravitational computation yields the transformation laws
Current algebra
When the main purpose is to find the integrated surface charges Q ξ = 2π 0 dφJ u ξ , what is usually explicitly worked out from (2.3) is the k ur ξ and also J u ξ component only. In the cases at hand, when the background solution is fixed to be the BTZ black hole with M = 0 = J or the null orbifold respectively, these components are given by
Instead of a direct computation of the spatial components, they can easily be worked out from current conservation ∂ a J a f ≈ 0. This gives 8) in the ADS case, while J φ ξ = 0 in the flat case. The current algebra can then be deduced directly from the expression for the currents, the asymptotic symmetry algebra and the transformation laws of the fields,
where for AdS 3 , 11) in the flat case.
4 Four dimensional asymptotically flat spacetimes at I +
Solution space and transformation laws
Our conventions are as in [10] . More details can be found for instance in the reviews [ 
The covariant derivative on the 2 surface is then encoded in the operator
where ð, ð raise respectively lower the spin weight by one unit and satisfy It follows for instance that 
The part of solution space that is relevant for the asymptotic current algebra on I + is given by fields σ 0 , Ψ 0 2 , Ψ 0 1 and their complex conjugates and are denoted collectively by χ. In this framework,σ 0 is the news function. For convenience, one also introduces 
In these terms, the evolution equations arė which have to be supplemented by the additional on-shell relation, 9) and the transformation laws are
(4.10)
Current algebra in the absence of news
Let us concentrate on the sphere P = P S , or the Riemann sphere with P = P R = 1, so that ðR = 0 = ðR. Let us also assume that there is no news, 
In the following, absence of news means that all the above conditions are satisfied.
Note that one could also impose ð 2 T = 0 = ð 2 T, in which case the supertranslations reduce to ordinary translations and the asymptotic symmetry algebra becomes the Poincaré algebra. We will not make these additional assumptions here.
In the absence of news, the time component of the current, which is real, is given by (4.18) where the second term proportional toσ 0 is absent. Current conservation in the form
then leads to J ξ given in (4.21), where the second, the third and the last two terms vanish according to the assumptions made in the present section. This is equivalent to the standard conservation law
Current algebra in the absence of news is then explicitly given by
where L ξ 1 ,ξ 2 is obtained from (4.20) and M ξ 1 ,ξ 2 = −M ξ 1 ,ξ 2 from (4.26) by dropping all terms that vanish in the absence of news. It is understood that the algebra for J ξ is obtained by the one for J ξ through complex conjugation. This is equivalent to the standard form
In particular, this requires M ξ 1 ,ξ 2 to be purely imaginary.
Consistency conditions between conservation and current algebra can be deduced by 
This condition is satisfied because (4.20) implies that J ξ = −L ξ,∂ u .
Current algebra in the presence of news
As in standard applications (see e.g. [34] ), current algebra is more involved when currents are not conserved. This is the case in the presence of news. We will also allow for an arbitrary, u-independent, P(ζ, ζ) in the metric on the space-like cut of I + . 17) be expressions that vanish in the absence of news. The computations of [9] , translated to the Newman-Penrose formalism in [10] , state that the time component of the current
for some L ξ 1 ,ξ 2 . Since it is relevant for current algebra, the explicit expression is now worked out. It is given by
where
In order to identify the spatial component of the current J ξ , we have used that the nonconservation of J u ξ can be obtained from (4.19) for ξ 1 = ξ and ξ 2 = ∂ u . Indeed, this gives
Alternatively, one can obtain the spatial components directly by evaluating the k [Ar] -components of the surface charge n − 2 form. This is done explicitly in the appendix. It also provides an expression for the non-integrable part,
One can now work out the current algebra for the spatial component,
If one defines in addition θ u
The time component of the field-dependent central term has been shown to satisfy the cocycle condition 28) for some N ξ 1 ,ξ 2 ,ξ 3 , which is now worked out to be
This is completed by showing that the spatial component satisfies
= O ξ 1 ,ξ 2 ,ξ 3 , the complete field dependent extension is thus a current of the dual boundary theory that satisfies K
The current algebra (4.27) is valid both in the case of bms , which is explicitly obtained by using P = P S and restricting oneself to Lorentz transformations as described in the beginning of section 4.2, while simultaneously expanding T in spherical harmonics. In this case, all components of the extension K a 
A Direct derivation of spatial components
The spatial components of the currents are computed in two steps. We will start with the conventions of [7] and then we will use the dictionary given in [10] to translate the result into the Newman-Penrose formalism used in section 4. The non-integrable piece is identified as in [23] and treated in the current algebra as in [9] .
Asymptotically flat metrics solving Einstein's equation are of the form
The 2D metric γ AB is fixed and corresponds to a choice of P. Indices on C AB are raised with the inverse of γ AB and C A A = 0. To the order we need, the other metric components are given by
where D A is the covariant derivative associated to γ AB and R is its scalar curvature. In these conventions, M(u, x A ), N A (u, x A ) and C AB (u, x A ) parametrize the part of the solution space relevant for the asymptotic current algebra. They will be related below to the fields σ 0 , Ψ 0 1 and Ψ 0 2 . The BMS 4 algebra parametrized by
, is represented by space-time vector fields as follows:
is then computed using the expression given in [24] ,
where h µν stands for a variation of the metric δg µν preserving the asymptotic structure. The information relevant for the asymptotic current algebra is given by the components k
[ur] ξ and k
[Ar] ξ evaluated in the limit r → ∞. The former has already been computed in [9] ,
The latter are now shown to be given by In order to translate these results into the Newman-Penrose formalism, we use the dictionary [10] , and the last component k [ζr] ξ being the complex conjugate of the right hand side of (A.14). Expressions (A.13)-(A.14) diverge as r goes to infinity. This is not a problem though as the divergent part can be absorbed in an exact form ∂ ρ η 
